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Employing extensive cellular dynamical mean-field theory (CDMFT) calculations with exact di-
agonalization impurity solver, we investigate the ground state phase diagrams and non-magnetic
metal-insulator transitions of the half-filled Hubbard model on two plaquette – the 1/5 depleted and
checkerboard – square lattices. We identify three different insulators in the phase diagrams: dimer
insulator, antiferromagnetic insulator, and plaquette insulator. And we demonstrate that the pla-
quette insulator is a novel fragile Mott insulator (FMI) which features a nontrivial one-dimensional
irreducible representation of the C4v crystalline point-group and cannot be adiabatically connected
to any band insulator with time-reversal symmetry. Furthermore, we study the non-magnetic quan-
tum phase transitions from the metal to the FMI and find that this Mott metal-insulator transition
is characterized by the splitting of the non-interacting bands due to interaction effects.
PACS numbers: 71.30.+h, 71.10.Fd, 71.27.+a, 71.10.-w
I. INTRODUCTION
Mott insulators [1, 2] are a fundamental phenomenon
in strongly correlated quantum many-body physics. At
fractional filling (throughout this paper, the “filling” cor-
responds to the number of electrons per unit cell and
spin projection [3]), a material must be metallic accord-
ing to the conventional band theory. However, it could
be a Mott insulator due to dramatic correlation effects.
If such a Mott insulator does not break any symmetry
and has a spin gap, it will carry fractionalized excita-
tions [4, 5] and possess a non-trivial topological order [6–
8]. At integer filling, a band insulator is likely if there
is a gap between the uppermost fully occupied band and
the lowermost unoccupied band. However, in the pres-
ence of crystalline point-group symmetries, some par-
tially filled bands crossing the Fermi energy may touch
with other bands at some high symmetry points in the
Brillouin zone. The correlation effects could again forbid
a trivial band insulator state; meanwhile other types of
symmetric Mott insulating phases, either with [3, 9] or
without [10, 11] topological orders, may emerge. Among
the latter cases, one category of novel Mott insulator is
dubbed as fragile Mott insulator (FMI)[12, 13]. A frag-
ile Mott insulator features a nontrivial one-dimensional
irreducible representation of crystalline point-group, and
cannot be adiabatically connected to any band insulator
which respects the time-reversal and the same crystalline
point-group symmetry. In this sense, it is the interplay
between symmetries of the underlying system and corre-
lation effects that give rise to the fragile Mott insulator
phase.
Although proposed in Refs. 12 and 13, to the best
of our knowledge, there has been no unbiased demon-
stration of the existence of FMI with advanced numeri-
cal approaches in strongly correlated systems. Here, we
perform such a systematic study. Employing extensive
cellular dynamical mean-field theory (CDMFT) [14–17]
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FIG. 1. (color online) Illustration of the 1/5-depleted square
lattice (a) and checkerboard square lattice (b). Intra (inter)-
plaquette hoppings are represented by thick red (thin green)
solid lines. The black dashed (dotted) square represents the 4
(8)-site cluster used in our CDMFT+ED calculations, these
clusters reflect C4v point-group symmetry. The lowercase let-
ters (a, b, c, d) represent four sites in a unit cell. White dots
with blue letters and blue dots with white letters denote the
two magnetic sublattices when the system develops antiferro-
magnetic order.
calculations with exact diagonalization (ED) impurity
solver [18–22], we investigate the ground state phase di-
agram and Mott metal-insulator transitions of the half-
filled Hubbard model on two plaquette – the 1/5 depleted
and checkerboard – square lattices. Based on the simu-
lation results and group theory analysis, we unambigu-
ously demonstrate that there exist FMI phases in these
systems.
Both 1/5-depleted and checkerboard square lattices
consist of coupled plaquette unit cells with four sites
per unit cell (see Fig. 1) and are non-Bravais lattices
with C4v crystalline point-group symmetry. Here we con-
sider the conventional half-filling case, which corresponds
to four electrons within a unit cell and thus belongs to
2the above defined integer filling case. The 1/5-depleted
square lattice [23–25] was first discovered in the study
of spin-gapped calcium vanadate material CaV4O9 [23],
and later on, in a vacancy-ordered iron selenide family of
pnictides [26–28] where a rich variety of phases, includ-
ing several magnetically ordering and superconducting,
have been observed [29, 30]. Recently, the half-filled Hub-
bard model on this lattice has been studied with different
numerical methods, including CDMFT with continuous-
time quantum Monte Carlo impurity solver [31], deter-
minantal quantum Monte simulations [32], and varia-
tional cluster approximation [33]. However, a systematic
study in which magnetic to non-magnetic phase transi-
tion, Mott metal-insulator transition, as well as the re-
alization of a fragile Mott insulator phase, has not been
carried out. Here, we employ extensive CDMFT+ED
simulations to explore the ground state phase diagram
and the non-magnetic metal-insulator transitions. We
find a fragile Mott insulator phase in this model and con-
firm its novel symmetry properties and its Mott insulator
character, based on numerical results and group theory
analysis. In addition, we find that in the checkerboard
square lattice [34–37], a fragile Mott insulator also exists.
We determine its ground state phase diagram by means
of extensive CDMFT+ED simulations as well.
II. MODEL AND METHOD
We study a two-dimensional single-band Hubbard
model on 1/5-depleted and checkerboard square lattice,
as schematically shown in Fig. 1. The Hamiltonian reads,
Hˆ = Hˆ0 + U
∑
iα
nˆiα↑nˆiα↓, (1)
Hˆ0 = −
∑
iα,jβ,σ
tiα,jβ cˆ
†
iασ cˆjβσ − µ
∑
iασ
nˆiασ
=
∑
k∈BZ,σ
cˆ
†
kσH0(k)cˆkσ, (2)
where H0(k) is the non-interacting Bloch Hamiltonian
matrix and i and j label the unit cells, α and β label the
sites (a,b,c,d) within a unit cell. In momentum space,
cˆ
†
kσ = (cˆ
†
akσ, cˆ
†
bkσ, cˆ
†
ckσ, cˆ
†
dkσ). U is the on-site repulsive
Coulomb interaction and we set the chemical potential
µ = U/2 for the half-filling. Here tiα,iβ = t is the intra-
plaquette hopping and tiα,jβ(i 6= j) = t′ is the inter-
plaquette hopping. As we vary the ratio t′/t, the band-
widths of the non-interacting band structures in the two
models are fixed at W = 4. Correspondingly we set the
energy unit to be W/4 throughout the paper. For sim-
plicity, we introduce a parameter λ ∈ [0, 1], specified as
follows. For the 1/5-depleted square lattice (Fig. 1 (a)):
t = 2λ/(1 + λ) and t′ = 2− 4λ/(1 + λ);
λ = 0 is the decoupled-dimer limit;
λ = 1 is the decoupled-plaquette limit;
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FIG. 2. (color online) Non-interacting band structure of the
1/5-depleted square lattice along the high symmetry path
Γ(0, 0) → X(0, pi) → M(pi, pi) → Γ(0, 0). In the region of
0 < λ < 1/3, e.g. (a), the system is a band insulator; in
the region of 1/3 < λ < 1, e.g. (b-d), the system becomes a
metal with a hole pocket centered at Γ point and an electron
pocket centered at M point, and the Fermi surface is nested.
At λ = 1/2, both Γ and M points are threefold degenerated.
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FIG. 3. (color online) Non-interacting band structure of the
checkerboard square lattice along the high symmetry path.
Different from the 1/5-depleted square lattice, there is no
band insulator for the whole λ range, and the Fermi surface
is always nested.
λ = 1/2 is the homogenous case with t = t′;
and for the checkerboard square lattice (Fig. 1 (b)):
t = λ and t′ = 1− λ;
λ = 0 is one decoupled-plaquette limit;
λ = 1 is another decoupled-plaquette limit;
λ = 1/2 is the homogenous square lattice limit.
Figure 2 shows the non-interacting band structure
of the 1/5-depleted square lattice. In the half-filling
case, there are a band insulating phase in the region of
0 < λ < 1/3 and a metallic phase with nested Fermi
surface in the region of 1/3 < λ < 1 [31], respectively.
The non-interacting band structure of the checkerboard
square lattice is shown in Fig. 3, in which the system is
always metallic with nested Fermi surface for the entire
λ range.
3To study the correlated systems described by Eq. (1),
we employed CDMFT+ED method. The CDMFT,
as a cluster extension of dynamical mean-field theory,
maps an interacting lattice problem onto an auxiliary
quantum cluster impurity problem embedded in a self-
consistently determined mean-field bath. The short-
range correlations within the cluster can be treated
exactly, while the non-local correlations between clus-
ters are treated at a mean-field level. In this paper,
we perform zero temperature CDMFT+ED calculations
with 4 (8) correlated impurities (see Fig. 1) in the pla-
quette (dimer) side of the phase diagram and keep 8
bath levels in total. We introduce the nomenclature
“(ds/cs/s)nc-mbb-AF/PM/ED” [38] to differentiate the
technical details of impurity cluster systems used in
the simulations, where “(ds/cs/s)nc-mbb” represent the
1/5-depleted/checkerboard/homogenous square lattices
with nc correlated impurities and mb bath levels, while
“AF/PM/ED” stand for the CDMFT calculations with
the antiferromagnetic mean-field bath, the paramagnetic
mean-field bath, or, a purely finite-size Lanczos ED cal-
culation, respectively.
In the CDMFT+ED simulations, the size of impurity
system (correlated impurities plus bath levels) cannot be
too large as the Hilbert space of the system grows expo-
nentially with its size. However, we have verified that the
sizes of the impurity system employed here are sufficient
to capture the thermodynamic limit properties of the un-
derlying strongly correlated many-body ground states.
Appendix A shows our CDMFT+ED simulation results
of the impurity system with various sizes on the staggered
magnetization for the half-filled Hubbard model on a ho-
mogeneous square lattice. The results agree well with the
quantum Monte Carlo ones at the Heisenberg limit. For
the 1/5-depleted square lattice, we employ the ds8-8b-AF
impurity system in the dimer side (labelled by the black
dotted diamond in Fig. 1 (a)), and this impurity system
is able to treat the inter- and intra-plaquette short-range
correlations on equal footing. In the plaquette side, how-
ever, the ds8-8b-AF is not suitable since it can not cor-
rectly take the strong intra-plaquette correlations of the
outer four boundary sites in their own plaquettes into
consideration. Instead, we use the ds4-8b-AF impurity
system (labelled by the black dashed square in Fig. 1 (a))
which captures the correlation within a plaquette.
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FIG. 4. (color online) (a) Phase diagram of the half-filled Hubbard model on the 1/5-depleted square lattice. The green circles,
red squares, and blue triangles are the phase boundaries obtained from ds8-8b-AF, ds4-8b-AF, and ds16-0b-ED systems,
respectively. The dimer insulator at small λ and the fragile Mott insulator at large λ are separated by the AF insulator. The
region of AF insulator shrinks as the interaction strength U/W increases. (b-c) Staggered magnetization ms =
1
2nc
∑
nc
i=1
| 〈nˆi↑〉−
〈nˆi↓〉 | as functions of λ and U/W , the solid and hollow points are obtained from ds4-8b-AF and ds8-8b-AF impurity systems,
respectively. (d) Spin gap ∆s = E1(S = 1) − E0(S = 0) are calculated from ds8-0b-ED (solid line) and ds16-0b-ED (hollow
points) systems with periodic boundary condition show two minima in the curves which can be used to estimate the quantum
phase transitions from dimer insulator to AF insulator and from AF insulator to FMI. Insets are the enlarged plots at the
two phase transition regions. (e-f) Spin-spin correlations between intra-plaquette (red, blue) and inter-plaquette (green) sites
become more inhomogeneous as U increasing. Solid lines and hollow points are obtained from the ds8-0b-ED and ds16-0b-ED
systems, respectively.
4III. RESULTS AND ANALYSIS
Figure 4(a) shows the phase diagram of the half-filled
Hubbard model on the 1/5-depleted square lattice, ob-
tained from the CDMFT+ED simulations. Three differ-
ent insulating phases exist: dimer insulator (DI), plaque-
tte insulator (fragile Mott insulator), and the interven-
ing Ne´el antiferromagnetic insulator (AFI). The magnetic
to non-magnetic phase transitions are continuous, which
can be seen from the continuous vanishing of the stag-
gered magnetizationms shown in Fig. 4 (b) and (c). The
dimer (plaquette) insulator has all the symmetries of the
underlying lattice and is a singlet gapped state which is
adiabatically connected to the decoupled dimer (plaque-
tte) limit. In these two spin-gapped phases, the energy
gap is a singlet-triplet excitation gap. This gap can be
directly calculated by the finite size ED and the corre-
sponding results are shown in Fig. 4 (d). The AFI, with
a magnetic long-range order, breaks the SU(2) spin rota-
tional symmetry and then has gapless Goldstone modes.
Thus, the gap closing transitions in Fig. 4 (d) signify the
DI to AFI and FMI to AFI transitions.
The physical picture of the phase transitions in Fig. 4
(a) can be readily appreciated. The nested Fermi surface
in the area of 1/3 < λ < 1 at U = 0 (see Fig. 2) is unsta-
ble towards the antiferromagnetic insulating phase upon
infinitesimally small U . As U is further increased, de-
pending on the value of λ, the short-range inter-plaquette
and intra-plaquette spin correlations start to develop.
As can be seen from the spin-spin correlations shown in
Fig. 4 (e-f), the system would favor a spin-singlet ground
state, either in the form of dimer or plaquette. When
the short-range correlation inside the dimer or plaquette
is strong enough to destroy the long-range AF order, the
continuous quantum phase transitions from AFI to DI or
from AFI to FMI occur.
The phase boundaries obtained here are close to those
obtained by other methods on the Hubbard model [32,
33]. Furthermore, extrapolating to the Heisenberg limit,
we get the transition points λCDMFT1c ≈ 0.418 (obtained
by ds8-8-AF) and λCDMFT2c ≈ 0.536 (obtained by ds4-
8b-AF), which are consistent with the quantum Monte
Carlo results for Heisenberg model in Refs. 25 and 39,
with λQMC1c ≈ 0.436 and λQMC2c ≈ 0.509, respectively.
Next, we discuss the differences between the dimer
insulator and the plaquette insulator, and reveal the
fact that the plaquette insulator is essentially a fragile
Mott insulator. According to the group theory, a non-
degenerate ground state which does not break the crys-
talline point-group symmetry must transform accord-
ing to one of the one-dimensional irreducible represen-
tations of the crystalline point-group. Therefore, two
non-symmetry-breaking phases must be distinct phases,
if their respective non-degenerate ground states trans-
form according to different one-dimensional irreducible
representations of the point-group. Now, let’s consider a
finite size system which contains L × L plaquettes (e.g.
the L = 3 cases in Fig. 1) and preserves the C4v crys-
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FIG. 5. (color online) Spectral function A(k, ω) =
−Im[G(k, ω + iη)]/pi of the half-filled Hubbard model on the
1/5-depleted square lattice along the high symmetry path.
Here the Lorentzian broadening factor η is 0.05. (a-b) are
obtained from ds8-8b-PM impurity system at λ = 0.4 in
the dimer side. We use the self-energy Σ periodization
scheme [31, 40] to restore the unit cell translation symme-
try. As U increases, the electron pocket centered at M point
and the hole pocket centered at Γ point shrink, the system
undergoes a Lifshitz transition [31, 41]. (c-d) Spectral func-
tion A(k, ω) are obtained from ds4-8b-PM impurity system at
λ = 0.7 in the plaquette side. The splitting of electronic bands
near the Fermi surface is clearly a hallmark of Mott-Hubbard
metal-insulator transition, i.e., a direct Mott gap opens by U
with the spectral weights transfer to higher energies.
talline point-group symmetry. In the decoupled-dimer
limit, λ = 0, the non-degenerate ground state of this
system is a product state of all the singlets on each inter-
plaquette bond. This ground state transforms according
to the identity (A1) representation of C4v point-group
no matter whether L is even or odd. Since the DI phase
can be adiabatically connected to the decoupled-dimer
limit, the DI phase will transform according to the iden-
tity representation. Note, the U = 0 band insulator with
0 < λ < 1/3 (Fig. 4 (a)) certainly transforms according
to the identity representation [13].
The situation is different in the plaquette side. In the
decoupled-plaquette limit, λ = 1, the non-degenerate
ground state of the L × L plaquette system is a prod-
uct of all the singlets on each plaquette. The singlet
on a plaquette is an entangled quantum state and has
dx2−y2 symmetry [12, 13, 34]. This remarkable feature
directly determines the nontrivial group symmetry of the
plaquette-limit ground state. Following the argument in
Ref. 13, we perform detailed group theory analysis, as
shown in Appendix B. It follows that the ground state
in the plaquette limit transforms according to the non-
trivial B2 (A1) representation when L is odd (even). In
the thermodynamic limit, a phase will not depend on the
5way how the thermodynamic limit is approached, there-
fore, the plaquette insulator phase, which is continuously
connected to the plaquette limit state, cannot be adia-
batically connected to DI or any time-reversal symmet-
ric band insulator (as they transform according to the
A1 representation). Hence, the plaquette insulator is an
FMI, as proposed in Refs. 12 and 13. Accordingly, there
must be some intervening phases or a direct phase tran-
sition between the DI and the FMI. And indeed, there
is an intervening AFI phase with Ne´el antiferromagnetic
order between the DI and the FMI in the phase diagram,
as shown in Fig. 4 (a).
Furthermore, in the non-interacting U = 0 limit, there
are four bands among which two bands touch at high
symmetry points Γ and M in the Brillouin zone (see
Fig. 2) due to the wavevector group Gk = C4v at k = M
or Γ. The wavevector group is a subgroup of crystalline
point-group that leaves the wavevector invariant or trans-
lates it by a reciprocal lattice vector. According to
the group representation theory, the Bloch Hamiltonian
H0(k) at M or Γ point can be block-diagonalized accord-
ing to the irreducible representations of the wavevector
group: A1 ⊕B2 ⊕E. The presence of a two-dimensional
irreducible representation E indicates that the two bands
are essentially degenerated at Γ and M points (see Fig. 2
and Fig. 5). Taking M point for example, the lower
two bands touch and form a two-dimensional irreducible
representation(E) of GM in the region of 0 < λ < 1/2,
while the middle two bands touch in the region of 1/2 <
λ < 1. The different bands touching at M or Γ point
have remarkable effects upon the non-magnetic metal-
insulator transition, as can be seen from the spectral
functions calculated from the CDMFT+ED in Fig. 5.
The non-magnetic metal-insulator transition in the re-
gion of 1/3 < λ < 1/2 is of a Lifshitz type [31, 41, 42]
with shrinking electron and hole pockets and opening an
indirect gap at critical Uc (see Fig. 5 (a-b)). On the
contrary, in the plaquette region of 1/2 < λ < 1, the
correlation effect does not push the middle two quasi-
particle bands away from each other, but instead, it splits
the bands near the Fermi energy to form an insulator as
U increases (see Fig. 5 (c-d)). Thus, the non-magnetic
metal-insulator transition in the plaquette side is of a
Mott-Hubbard type. In this sense, the plaquette insu-
lator is indeed an FMI because of not only its nontriv-
ial symmetry properties but also being the Mott metal-
insulator transition. In addition, the d-wave character
of the ground state wave function will have some im-
pact on the macroscopic observable properties, such as
the d-wave symmetry of the pairing correlations [12, 32].
Therefore, we can also call the plaquette insulator a “d-
Mott” insulator [12, 13].
Now we study the case of the checkerboard square lat-
tice. We obtain two symmetric phase boundaries and fur-
ther find that the magnetic to non-magnetic phase transi-
tions are also continuous, as shown in Fig. 6. The extrap-
olated critical point λCDMFT2c ≈ 0.62 is also compatible
with quantum Monte Carlo result λQMC2c ≈ 0.5745 in the
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FIG. 6. (color online) Phase diagram and staggered magneti-
zation of the half-filled Hubbard model on the checkerboard
square lattice. The results are obtained by the CDMFT+ED
with cs4-8b-AF impurity system. We use four-site cluster (see
Fig. 1 (b)) in the CDMFT simulations in order to accurately
incorporate the correlations within plaquette.
Heisenberg limit [35, 43]. Similarly, the ground states at
the two plaquette insulator phases transform according
to the nontrivial B1 (identity A1) representation when
L is odd (even). Thus we can use the similar symmetry
argument to prove that these two plaquette insulators
cannot be adiabatically connected to any time-reversal
symmetric band insulator in the thermodynamic limit.
The non-interacting band structure in Fig. 3 shows that
there is no band insulator in the whole λ range. The
bands touching at Γ and M points are also due to the
wavevector group GM(Γ) = C4v. Likewise, the metal-
insulator transition is of the Mott-Hubard type. There-
fore, the plaquette insulators in this model are also FMI
or d-Mott insulator, as referred in Refs. 12, 34, and 37.
IV. SUMMARY AND DISCUSSION
In summary, we have mapped out the ground state
phase diagrams of the Hubbard model on the 1/5-
depleted and checkerboard square lattices, by means of
extensive CDMFT+ED simulations. For the first time
being demonstrated with advanced numerical approach,
we find out that the plaquette insulators in these systems
are actually a well-defined fragile Mott insulator. The
FMI is always separated from a band insulator at U = 0
limit. In the phase diagram of the 1/5-depleted square
lattice, an intervening Ne´el ordered AFI separates the DI
and FMI at finite U/W . Our numerical and analytical
calculations show that the DI is adiabatically connected
to band insulator, while the FMI cannot be adiabatically
connected to any time-reversal symmetric band insula-
tor or DI. The non-magnetic metal-insulator transition
at the dimer side is of Lifshitz type, while that at the
FMI side is of Mott-Hubbard type with splitting of the
energy bands crossing the Fermi energy.
6As the DI and FMI transform according to different
one-dimensional irreducible representations of the C4v
point-group symmetry, it will be interesting to investi-
gate possible superconductivity instabilities in the two
plaquette systems upon doping. Under the interplay of
crystalline point-group symmetry and correlation-driven
magnetic properties, a change of the superconducting
pairing symmetry is expected [32, 34, 44]. Direct obser-
vation of such change of pairing symmetry will shed light
on the unconventional superconductivity in the iron se-
lenide family as well as the understanding of the intimate
relation between magnetic and superconducting correla-
tions in similar systems.
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Appendix A: CDMFT+ED benchmark calculations
on two-dimensional homogeneous square lattice
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FIG. 7. (color online) The staggered magnetizations of the
Hubbard model on the homogeneous square lattice calcu-
lated by CDMFT+ED with several different impurity sys-
tems. When U is small, more than two bath levels per cluster
boundary site are needed to produce a remarkably good result
(see the inset). When U is large, two bath levels per cluster
boundary site are sufficient to produce a good result.
As a benchmark test, we perform CDMFT+ED sim-
ulations for the half-filled Hubbard model on two-
dimensional homogeneous square lattice. The results are
shown in Fig. 7. From the comparison between systems
with the same cluster and different number of bath levels,
it can be shown that two bath levels per cluster bound-
ary site are sufficient in an insulating regime, but more
bath levels are needed to produce a remarkably good re-
sult close to U = 0. Extrapolating to to the Heisen-
berg limit, the staggered magnetization (not shown in
Fig. 7) are as follows: 0.422(s1-4b-AF), 0.398(s2-8b-AF),
and 0.370(s4-8b-AF). These results do show a remark-
able convergence to the quantum Monte Carlo result
mQMCs = 0.3070(3) [45] of Heisenberg model on the ho-
mogeneous square lattice.
For the lattice models we studied in this paper, the
phase boundaries lie between two insulating phases, see
Fig. 4 (a) and Fig. 6 (a). In addition, the nonlocal cor-
relations are short-range in the plaquette insulator and
dimer insulator regime. Therefore, although we use small
clusters and total 8 bath levels in the CDMFT+ED cal-
culations, we have good reason to expect that our nu-
merical results can qualitatively well describe magnetic
phase transitions and the insulating ground states.
Appendix B: one-dimensional irreducible
representation of decoupled plaquette state
The two generators of the C4v group are the clockwise
pi/4 rotation about the z axis, c4, and the reflection in
a vertical plane, σv. The group character table is shown
in Table I. There are four different one-dimensional ir-
reducible representations (A1, A2, B1, B2) and one two-
dimensional irreducible representation (E). A unique
ground state which preserves the C4v symmetry must
transform according to one of the one-dimensional irre-
ducible representations.
C4v E c2 2c4 2σv 2σd
A1 1 1 1 1 1
A2 1 1 1 -1 -1
B1 1 1 -1 1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0
TABLE I. The character table of C4v point-group.
To simplify the following discussion about the decou-
pled plaquette state at λ = 1, we can go to the Heisen-
berg limit. The unique many-body ground state wave
function can be taken as the direct product of singlet
states on each plaquette,
|ΨLλ=1〉 =
L×L∏
n=1
dˆ†n |0〉 (B1)
where dˆ†n = (sˆ
†
n,absˆ
†
n,cd − sˆ†n,adsˆ†n,bc)/
√
3 and sˆ†n,ab =
(cˆ†n,a↑cˆ
†
n,b↓ − cˆ†n,a↓cˆ†n,b↑)/
√
2. dˆ†n |0〉 creates an plaquette
7singlet state at the n-th plaquette on the L×L plaquette
lattice, and sˆ†n,ab |0〉 creates an ab bond singlet within the
n-th plaquette (see Fig. 1). Applying the c4 symmetry
operation,
Pˆc4 dˆ
†
nPˆ
−1
c4
=
1√
3
(sˆ†m,bcsˆ
†
m,da − sˆ†m,basˆ†m,cd)
= − 1√
3
(sˆ†m,absˆ
†
m,cd − sˆ†m,adsˆ†m,bc)
= −dˆ†m
(B2)
where Pˆc4 is a symmetry operator of the corresponding
group element c4. We can demonstrate that the ground
state transforms as
Pˆc4 |ΨLλ=1〉
= Pˆc4 dˆ
†
1Pˆ
−1
c4
Pˆc4 dˆ
†
2 · · · Pˆ−1c4 dˆ†L×LPˆc4 Pˆ−1c4 |0〉
= (−1)L×Ldˆ†i1 dˆ
†
i2
· · · dˆ†iL×L |0〉
=
{ − |ΨLλ=1〉 , L odd;
+ |ΨLλ=1〉 , L even.
(B3)
where we have used the commutation relation [dˆ†n, dˆ
†
m] =
0. This result holds for both the 1/5-depleted and
checkerboard square lattices.
In a similar way, we can prove the ground state trans-
forms as
Pˆσv |ΨLλ=1〉 =
{ − |ΨLλ=1〉 , L odd;
+ |ΨLλ=1〉 , L even.
(B4)
for the 1/5-depleted square lattice and
Pˆσv |ΨLλ=1〉 =
{
+ |ΨLλ=1〉 , L odd;
+ |ΨLλ=1〉 , L even.
(B5)
for the checkerboard square lattice. Other eigenvalues of
C4v group operators can also be deduced. Together with
Table I, we can show that the ground state of the 1/5-
depleted (checkerboard) square lattice at the decoupled
plaquette limit transforms according to the nontrivial B2
(B1) one-dimensional irreducible representation when L
is odd.
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